Let E be a Dedekind σ -complete Banach lattice, let E a denote the order continuous part of E, and suppose that E a is order dense in E. If E contains a lattice copy of ∞ (equivalently, E = E a ) then E/E a contains a lattice copy of ∞ /c 0 , and hence a lattice-isometric copy of ∞ . This is one of the consequences of more general results presented in this paper.
INTRODUCTION
In 1980 Bourgain proved that the space ∞ /c 0 cannot be renormed to be rotund [3] , and in 1981 Partington strengthened this result by proving that every Banach space isomorphic to ∞ /c 0 contains an isometric copy of ∞ [10, Theorem 1] . Moreover, the Partington's theorem, formulated in terms of disjoint sequences, has also the following lattice version:
(P) Every Banach lattice which is lattice-isomorphic to ∞ /c 0 contains a latticeisometric copy of ∞ (see the last section below). The present article was inspired by the result of Granero and Hudzik (1996) that the quotient Orlicz space ϕ /h ϕ contains a lattice-isometric copy of ∞ /c 0 and hence, by the result of Bourgain, it cannot be renormed to be rotund ([4, Proposition 5.1]; the exact notations regarding Orlicz spaces are given in the next section). The purpose of this note is to show that the above phenomenon occurs for Banach function lattices rather often. Our Theorems 1 and 2 complement the results obtained by Lozanovsky [8] and Wnuk [12] on the structure of the quotient Banach lattice E/E a , where E a is the order continuous part of E (e.g., that E/E a contains large families of pairwise disjoint elements; see [12, Theorem 4] ). Moreover, the theorems strengthen partially the recent result of the present author that E/E a contains a lattice copy of ∞ provided that E is Dedekind complete with E = E a (see [13 [2] and [9] . For the convenience of the reader we recall some definitions.
The term "[lattice] copy" means "[both lattice and] topological copy", and "lattice-isometric copy" means "both lattice and isometric copy". The lattice E is called Dedekind α-complete, where α is an infinite cardinal number, if every subset V of E with card(V ) α and bounded from above has a supremum in E; if α = ℵ 0 then this notion coincides with the notion of Dedekind σ -completeness, and E is Dedekind complete provided that it is Dedekind α-complete for every α (cf. [1] 
) is a Banach lattice, then E a denotes the largest ideal in E such that the norm restricted to E a is order continuous: E a = {x ∈ E: |x| x s ↓ 0 implies x s → 0}; for example, if is an infinite set and E = ∞ ( ), then E a = c 0 ( ). The lattice E a is norm-closed in E, it does not contain any lattice copy of ∞ , and it is Dedekind complete (see, e.g., [ ( )) ) a = R(c 0 ( )), the notion of normality is independent on the choice of R.
We start with a result which indicates the way of obtaining both lattice and latticeisometric copies of ∞ ( )/c 0 ( ) in E/E a . 
Proposition 1. Let E be a Banach lattice containing a normal copy H of ∞ ( ), and let T be a lattice-topological isomorphism from
∞ ( ) onto H (hence T (c 0 ( )) ⊂ E a ). Then the linear operator J : ∞ ( )/c 0 ( ) → E/E a of the form J (q(x)) = Q(T x) is well defined,
Consequently, in all the above cases E/E a contains a lattice-isometric copy of ∞ , and hence it cannot be renormed to be rotund or smooth.
Now we shall apply our Theorem 2 for Orlicz spaces, which form a nontrivial sample class of Banach lattices with the Fatou property; similar results one can obtain for Musielak-Orlicz spaces, Lorentz-Orlicz spaces, and Calderón-Lozanovsky spaces (see [5, 
is called an Orlicz space. It is a Dedekind complete Banach lattice with respect to the so called Luxemburg norm f ϕ = inf{t > 0: M ϕ (f/t) 1}, and its order continuous part (L ϕ 2 N ) and the measure µ is counting, then we write
contains a lattice-isometric copy of ∞ (see [5, p. 526] ). Moreover, since we assume that ϕ takes only finite values, from [12, Theorem 9] we get that (L ϕ (µ)) a is order dense in L ϕ (µ). Now, from Theorem 2 we can immediately obtain a generalization of the result of Granero and Hudzik quoted in the Introduction.
Corollary 6. Let ϕ be a finite Orlicz function. If
consequently, L ϕ (µ)/E ϕ (µ) contains a lattice-isometric copy of ∞ , and it cannot be renormed to be rotund or smooth.
THE PROOFS
We start with a proof of the lattice version (P) of Partington's theorem. , there exists a sequence u 1 , u 2 , . . . , of disjointly supported elements of ∞ such that for every (a n ) ∈ ∞ we have
Proof of (P)
where ∞ n=1 a n u n denotes the pointwise formal sum in ∞ . Thus, the operator S : ∞ → ( ∞ /c 0 , ||| |||) of the form S((a n )) = q( ∞ n=1 a n u n ) is an isometry. Now let ||| ||| be an equivalent lattice norm on ∞ /c 0 , let u n denote the nth element in Partington's theorem obtained for this norm, and let S be the isometry defined as above. Since the elements w n := |u n |, n = 1, 2, . . . , are pairwise disjoint and q is a lattice homomorphism, for every (a n ) ∈ ∞ we have q ∞ n=1 a n u n = q ∞ n=1 a n u n = q ∞ n=1 |a n |w n = q ∞ n=1 a n w n . (1) Notice that now the pointwise formal sum (1) it immediately follows that the operator S : ∞ → ( ∞ /c 0 , ||| |||) of the form S((a n )) = q( ∞ n=1 a n w n ) is well defined, it is a lattice isomorphism and an isometry, because |||Sx||| = |||Sx||| for every x ∈ ∞ . P We shall apply several times the following simple fact (see [9, 
is well defined and it is a lattice homomorphism. Now let x = (ξ γ ) be a fixed positive element of ∞ ( ). For every B ⊂ we put x B = sup γ ∈B ξ γ e γ . It is easy to check that q(x) = inf x B : \ B is finite . (2) For all B ⊂ with \ B finite we have J (q(x)) = Q(T x B ) T x B . Since J and q are lattice homomorphisms, the latter inequality applied to arbitrary x ∈ ∞ ( ) gives J (q(x)) T |x| B , and hence, by (2), we obtain J T . On the other hand, for every x = (ξ γ ) ∈ ∞ ( ) there exists a pairwise distinct sequence (ξ γ n ) such that |ξ γ n | → q(x) as n → ∞. Let (D j ) ∞ j =1 be a partition of the set {γ n : n ∈ N} with all D j 's infinite. Then the elements T |x| D j , j = 1, 2, . . . , are pairwise disjoint and dominated from above by T |x|. From Lemma 2 we obtain
hence J −1 T −1 . P Proof of Theorem 1. Let α = ℵ 0 , and let T : ∞ → E be a lattice isomorphism.
Since T e N ∈ E + \ E a , by [12, Lemma 3] there is a sequence (y n ) ⊂ E + a of pairwise disjoint elements with y n T e N and inf n 1 y n > 0. By Lemma 1, E contains a normal copy of ∞ , and hence we can apply Corollary 1.
Let α > ℵ 0 . Consider the elements x γ corresponding to e γ , γ ∈ . Since E a is order dense in E, for every γ ∈ there is y γ ∈ E + a with 0 = y γ x γ . For the sets n := {γ ∈ : y γ 1/n} we have n ⊂ n+1 , n = 1, 2, . . . , and = ∞ n=1 n . The hypothesis on the cardinal α implies that α cannot be represented as the sum
